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A Physics-Based Analytical Formulation for the
Tunneling Current through the Base of Bipolar
Transistors Operating at Cryogenic Temperatures
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Abstract - A physics-based analytical solution for the direct tun-
neling current through the base region of bipolar transistors ope-
rating at cryogenic temperatures is derived. The obtained formu-
lation is continuously differentiable over the entire bias region
and contains only few experimentally determinable model param-
eters, which makes it well-suited for compact circuit modeling.
Very good agreement of the new formulation with both a numeri-
cal evaluation of the tunneling current integral and experimental
data of two SiGe HBT process generations is demonstrated.

Index Terms - bipolar transistor, HBT, cryogenic operation, tun-
neling current, low-temperature electronics.

I. INTRODUCTION

For many years, radio astronomy and space communications
have mainly driven the applications at cryogenic temperatures
(i.e. up to 93 K). Most recently though, various attempts of
building quantum computers have led to a strong interest in
using semiconductor technologies at cryogenic temperatures.
Depending on the qubit representation, electronic circuits (e.g.,
for readout) are expected to operate in the range of 0.1 K to
about 4 K [1, 2]. In addition, large-scale quantum computing
requires a large number of circuits to be integrated on a single
chip [1-4]. This makes CMOS and Silicon-Germanium (SiGe)
heterojunction bipolar transistor (HBT) process technologies
very attractive compared to more exotic technologies such as
high electron mobility transistors. At cryogenic temperatures,
SiGe HBTSs have been demonstrated to possess excellent per-
formance (e.g. [5-9]), including high current gain and speed,
which can be traded for low noise and low power consumption
[4,6,9,10-12].

Designing integrated circuits requires, among others, com-
pact models for the various devices. So far, HBT compact
models for cryogenic applications have been based on physical
effects and associated model formulations that are valid at
room temperature (RT). For low-temperature circuit design,
the model parameters are then adjusted in an attempt to capture
the transistor behavior at a particular cryogenic temperature
(CT) and a selected bias point (e.g. [4, 6, 13, 14]). Other
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approaches attempt to expand certain model parameters of
existing compact model formulations by temperature depen-
dent polynomials or other non-physical fit functions for captur-
ing the electrical characteristics over bias and a low-
temperature range (e.g. [15-17]). However, carrier transport
mechanisms at CT differ from those at RT, making it difficult
or even impossible to describe the bias dependent large-signal
behavior measured at CT. Fig. 1 demonstrates this problem for
the example of the collector current, which is one of the most
important components for circuit design since it determines the
transconductance of the transistor and the circuit gain. For both
technology generations shown in Fig. 1, the drift-diffusion
(DD) formulation, on which all present compact models are
based on, remains the dominant component down to about
73 K. However, below that temperature DD transport quickly
fades away and does not enable an approximation of the mea-
sured data anymore. E.g., in Fig. 1(a), the DD current is not
even visible at 23 K and below. At these temperatures, direct
tunneling from emitter to collector becomes the dominant com-
ponent for the transfer (and thus static collector) current in
advanced HBTSs [18-20, 8]. The base current in Fig. 1 just indi-
cates the lower limit of the current gain at very low injection.
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Fig. 1. Collector current density versus base-emitter voltage for low
temperatures and two different SiGe HBT process technology genera-
tions (a) SG13G2 [21] and (b) a DOTSEVEN [22] variant, both from
IHP, Frankfurt/Oder, Germany. Comparison of measured data (sym-
bols) with simulated drift-diffusion current density (dashed lines).

Presently, an HBT compact model that contains physics-
based formulations for the effects occurring at CT does not
exist. For instance, the transfer tunneling current has been
investigated in detail in [18, 19, 20] based on numerical device
simulation, which is not suitable though for circuit design. In
[18], the tunneling current is calculated from an analytical
approximation with a numerical evaluation of an integral over
the square of the spatially dependent barrier potential. The lat-
ter was obtained from device simulation. Besides being com-
putationally expensive, the formulation becomes discontinuous
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when the barrier disappears, making it unsuitable for use in
compact models. In comparison, this work presents the first
physics-based compact analytical and computationally effi-
cient formulation describing the direct tunneling current
through the base region at CT as a function of bias, tempera-
ture, barrier height and width with model parameters that can
be determined from measurements.

Section 11 discusses the base barrier profile in SiGe HBTs.
Section I1l contains the derivation of the transmission factor,
which is then used in section IV for deriving the current
expression. The analytical result is compared in section V to a
numerical evaluation of the underlying current integral and
then in section VI to experimental data. All considerations
assume npn transistors but can be easily applied to pnp transis-
tors.

Il. BARRIER PROFILE IN A SIGE HBT BASE REGION

Fig. 2(a) shows the conduction band in vertical (x) direction
of the HBT structure at T = 30 K* for different internal base-
emitter (BE) voltages Vg:g- and a collector-emitter voltage
Vepr = 0.5 V. Relative to the conduction band level W¢ g in
the emitter, the potential energy profile in the base region poses
a barrier for electron injection into the base and constituting the
transfer current density Jt. Thus, at low temperatures Jt is
dominated by direct tunneling of electrons from the emitter to
the collector.
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Fig. 2. (a) Potential energy profiles W¢(x) in the emitter and base
region along the vertical direction x obtained from numerical
device simulation? at T = 30 K for Vg-g/V = 0, 0.5, 0.8, 1 and
Vegr = 0.5V, vertical dotted lines indicate the BE and BC
junction. (b) Schematic of parabolic (potential) energy profile
in the base region assumed for analytical treatment and defini-
tion of relevant variables.

For deriving a closed-form expression for the tunneling cur-
rent, the shape of the barrier is approximated here by a para-
bolic potential (energy) profile,

= _(2x_
we) = wif1-(Z-1)"] ®
as sketched in Fig. 2(b). Here, tyq is the barrier thickness at
equilibrium and x; and x, are the classical tunneling turning
points associated with the kinetic energy W, of carriers with a

1. For lower temperatures, it is difficult to achieve convergence in a
drift-diffusion simulation program.
2. SiGe HBT roadmap technology generation N5 [23].

wave vector component in x-direction, i.e. vertical to the bar-
rier. Furthermore,

Wy, = a(Vpgi—Vee) 2

is the bias dependent barrier height with q as elementary
charge, Vpg; as the built-in voltage of the internal BE junction.

For the derivation below, all energies are referenced to W¢ g.
Hence, AWE is the difference between the electron Fermi level
Wep g in the emitter and We g.

I1l. TUNNELING TRANSMISSION PROBABILITY

The analytical expression for the transmission probability is
derived based on the WKB approximation [24],

k X
T (W) = /k—xiexp(—zf |kxb(WX)|dx]. (3)
X X1

Only carriers with a kinetic energy component in x-direction
can enter the barrier, which are represented here by the wave
vector Ky, in the barrier region. Be W, the energy level of the
carriers in the emitter that are incident on the barrier. Then,
with the barrier energy profile Wc(x) and assuming a parabolic
W(K) relation, ki, can be related to the energy via

2
h I(xb

2m,

WC(X) - Wx = (4)

with m, as effective electron mass for carrier transport in x-
direction and h as reduced Planck constant. Tunneling occurs
only for W, < W¢(x), which yields

2 W -W
’kxb(X)’ = % (5)

Inserting (5) with (1) into (3) yields

|kxb|dx = A/7j W, - Wy —O— ) ax 6)

with Wy = Wy, - W, and

t W
Xy 5 = %’(1; - - @)
The closed-form solution of (6) is
2m Wb W,

J ’kxb’dx = tbO4 8)

W

For calculating the transmission factor (3), the wave vectors
ky1 and ky, are assumed to be the same, since at the low tem-
peratures considered here scattering related transport is small
(vs. tunneling). Inserting (8) into (3) then gives

2m. W W
Teu(Wy) = exp[ 03 /m bfj ©)
b

Defining the bias dependent exponent variable
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_ 2m,
b

with the unit 1/(\VAs) allows a more compact writing for the
transmission factor as a function of W,:

(10)

Tu(W,) = exp(-B(W,-W,)). (11)

IV. TRANSFER TUNNELING CURRENT FORMULATION

Electrons from occupied energy states in the emitter can tun-
nel directly into available states in the collector. The corre-
sponding tunneling current in x-direction is generally given by
[24]

2qM

It 3J J .[

(2m)

with M, as the number of equivalent conduction band valleys
and f,g (f,c) as Fermi function before (index “E”) and after
(index “C”) the barrier,

T fre(1 = fro)v,dk,dk,dk, (12)

_ 1
f = —W_an) . (13)

1+ eXp( KgT

In (12), the lower integral bound in x-direction indicates that
only carriers with positive velocity v, (i.e. ky > 0) contribute to
the tunneling process from emitter to collector. Neglecting the
carrier energy (i.e. the integration over k and k;) parallel to the
BE junction leads to a simplified solution [8]. However, the lat-
ter neither captures the correct behavior of the tunneling cur-
rent once the barrier height drops below the Fermi level nor
results in a consistent smooth extension towards thermionic
emission at higher injection. Note that quasi-ballistic transport
is assumed within 0 < x < x4; i.e. there is no scattering until the
carriers hit the barrier energy profile at x,. This assumption is
justified due to the small distances and the low temperature
considered for the derivation.

As shown in Fig. 2(a), for forward operation (including satu-
ration) the conduction band edge in the collector is always
equal to or below the conduction band edge in the emitter. Fur-
thermore, due to the moderate collector doping concentration,
the electron Fermi level in the collector is below the conduc-
tion band edge so that f,c << 1. The total energy W of a carrier
in the (thermalized) emitter consists of a potential component
and a kinetic component:

W = We g+ Wyip = We g+ Wy + Wy, (14)
For parabolic bands, the kinetic energy components in the

emitter are

2,2 2,2 2 2,2
W, = "X and Wy, = T rle) D (15)
2m, 2my, 2m,,
with my, as effective electron mass for carrier transport parallel

to the barrier. Recognizing the carrier momentum myv, = hk,,
the term v,dk, in (12) can be replaced by dw,/h. Further-

more, with ky, from (15), dk dk, = 2nk,,dk ,, which allows to

3

reduce the double integration in (12) over k-states in the y-z-
plane to a single (circular) integration. Hence, using (15) for
replacing ky, by the energy W,,, (12) becomes

o W,
I = CT'[O jo Teu(Wo) fr(W, Wi ) dW, dW,, (16)
with the constant
2gM,m
Cr = q_VZLZ (17)
h(2n)

The lower limit of the integration over W, reflects the fact that
there are no occupied states available below W g and that only
carriers moving in +k, direction are of interest. Unfortunately,
(16) with (11) does not have a closed-form solution. Therefore,
simplifications need to be made for evaluating the integral,
which are discussed next.

The energy dependence of the integrand in (16) is shown in
Fig. 3 for different bias values Vg-g- and setting Wg, = Wy g
i.e. assuming the same carrier distribution at x; as in the emit-
ter. At 4 K the Fermi function is very steep around the Fermi
level (Fig. 3(a)). Thus the integrand Tf, equals just T, for
energies below the Fermi level. In other words, only energy
states within AW in the emitter contribute to tunneling, so that
one can set f, =1 and the upper integration limit for the total
kinetic energy is given by AW, while the upper integration
limit for W, is min(AWg,Wp)-Wy,. The assumption of a sharp
transition of f,, becomes less justified towards higher tempera-
tures as shown in Fig. 3(b) for 77 K. However, at that tempera-
ture, the drift-diffusion current still dominates versus the
tunneling current according to the measurements shown further
below.

Based on the considerations above, an analytical expression
for the tunneling current (16) can be derived for the two cases
of Wy > AWg and W, < AWE.
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Fig. 3. Tunneling factor (9) (dashed lines), integrand Tyf, (solid
lines), Fermi function (dotted line) and Ty, f,(0K) (dashed-dot-
ted line) for (a) 4K and (b) 77K, both with W, =0,
AWE =0.155 eV.

A. Barrier height exceeding the Fermi level (W, > AWE)
In this case, (16) can be written as

AW AW —

It = CTI J

tu(Wx) ddeWyz (18)
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With (11), the inner integral yields

AW -W,, exp(-BW,)

| T dW,, = 2

. [exp(B(AWE—Wyz))—l] (19)

and one obtains after performing the integration over Wy,

c exp(BAWL) -1
T E|: Xp( g) (20)

Jriy = B BAW, —1}exp(—BWb).

Note that B is a function of bias.

B.Barrier height below the Fermi level (Wy, < AWE)

For this case, two integration intervals have to be considered
according to Fig. 4. As long as 0 <W,, < AWg-Wj,, the upper
limit for W, is fixed at Wy,. Once W, exceeds AWg-Wy, the
upper limit for W, depends again on AWg-Wy,. Thus, (16) can
be rewritten as

1w = CT|:_[

AW AW - W,

AWE—W, W,
jo Ty, AW, dW,, (21)
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Fig. 4. Fermi function at T = 30 K for illustrating the integration lim-
its in the tunneling current expression once W, drops below
AWE.

Evaluation of the first integral gives

AWg =W, W, 1-exp(-BW,)
J’O Ty AW, AW, = —————

]

while one obtains for the second integral

. (AWg-W,), (22)

AWg AWE—Wsz AW dW... = exp(-BW,) 23)
'[AWE—W,,'[O tu Ty B
BW,)-1
[EXD( b) _Wb:|
B
Inserting above expressions into (21) yields
c
I = ET[[exp(BWb)—l](AWE—Wb) (24)

. exp(BW,) -1

- WbJ exp(-BW,)

4

In addition to the tunneling current, now also a thermionic
current starts flowing for carrier energies larger than W,
Assuming that the thermionic transmission factor equals one,
the thermionic current density is generally given by

Jn = cho J’ben(wx, W, dW, dw, , . (25)
Unfortunately, the integral over Wy, does not have a closed-
form solution. Thus, again a zero-K Fermi function is assumed.
It leads to

AWg - W, AW —W,,

dw, dw,, (26)

J =cC
Tth TIO W,
2
_ (AW -Wy)
L

which is valid for W, < AWg and also is consistent with the
tunneling current solution. At very high injection, i.e. once
Vg-g» reaches Vpg; and the barrier disappears, the tunneling
current drops to zero according to (24) and the thermionic cur-
rent (26) reaches the value

AWZ

Irn(Wp = 0) = Jyppg = Cr—p (27)

C.Bias dependent barrier width

The device simulations in Fig. 2(a) indicate that not only the
barrier height but also the barrier width decreases with Vg:g-.
This does not change the form of the analytical solutions for

JTt, derived so far, but just requires to replace t,y by a bias
dependent barrier width

VB'E' VB'E' 2 -3
(1-kayZ) J(l_ktBV_DE) ‘10
I

= o >

(28)

with the model parameter kg in the range of 0.1...0.2. The sim-
ple approximation has been chosen according to device simula-
tion.

V. COMPACT FORMULATION

Below, the previously derived analytical solution is con-
verted to a formulation that is more suitable for compact mode-
ling. First, energies are converted into potentials, leading to

Vp = Wyp/0 = Vpgi~ Ve (29)
AVg = AWE/q. (30)
Furthermore, the normalized barrier potential
v, = \7\;—:’5—i = —\% (31)
and the normalized emitter Fermi potential
Ve = AVg/Vpg; (32)
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are defined. Then, with ¢ from (17), inserting B from (10) into
c/B in (20) and (24), and extending m by its equilibrium
value ,/qVpg; allows to lump all physical, material and device
structure related parameters into the current density prefactor

2gM m,, 2qVne:

Iruus = —owe (VDB Ay (33)
h™tygm my
Defining also the bias independent exponent factor
Tctbo

ATt = Sy V2MKAVpEi = B Vp(aVpE) - (34)

allows writing the exponent arguments

V

BW, = ary N, and BAWg = ap,— (35)

T

Inserting the newly defined factors and normalized barrier
potential into (20) yields for Vi, > AVE (0r v, > V,)

exp(ari Ve V) —1
It = ‘]TtuSA/\Tb{ Tute/ ' _1:|eXp(_aTtuJ\Tb) (36)
ary Ve’ My

and instead of (24) for V, < AVE (or v, < V)

Vv
It = ‘]TtuSA/\Tb|:[eXp(aTtUA/\7b)_ 1](1 - V—b) - (37)
e
exp(a v,)—1 v
+ Ttu—/\/7b — _b:| exp(_aTtuM)
aTtuVe/A/\Tb Ve
Moreover, the thermionic current density (26) as a function of
(normalized) potentials reads

Vo 2
Irtn = ‘]TthS<1 - \‘,9) (38)
€
with the current density prefactor (27) expressed as
Ve
Irths = Jrwsdruy - (39)

The temperature dependence of the derived analytical cur-
rent density expressions is given by the temperature depen-
dence of the BE built-in voltage [25]

Vpei(T) = VDEi(TO)%_Vgeff(O)(%_l) —mgVTln(_I—-_r-() (40)

with Ty as reference temperature (here 300 K), the model
parameter Vpgi(Tg) and the fixed parameter

kl
m, = 3- -1 = 4188
V.

41
g o (41)

with Vg as the thermal voltage at To. Furthermore, Vge(0) is
the effective band gap voltage at 0 K, including high-doping
and material composition effects, and k; is a material depen-
dent constant [26]. Note that (40) is a simplified version of the
formulation used in HICUM [25], which is sufficient though at
low temperatures.

V1. COMPARISON TO NUMERICAL EVALUATION

The analytical results are strictly valid only for the limit
T = 0 due to the assumption of a step Fermi function. As men-
tioned earlier, assuming a zero-K Fermi function introduces an
error in the current formulation that grows with temperature.
For assessing the error, in this section the analytical current
formulation is compared to a solution obtained from numerical
integration of (16) using the temperature dependent Fermi
function.

As shown in Fig. 5(a), the solutions (36)-(38) agree very well
at 4 K with the numerical evaluation of the current density
integrals (16) and (25) when including the temperature depen-
dent Fermi function. The tunneling current increases slightly
faster than exponentially for low BE voltages Vg:g:. Once the
barrier height drops below the emitter Fermi level, which hap-
pens for Vg:gr > Vpgi-AVE, the tunneling current density
increase with Vg.g» drops. Jy, reaches a maximum at high
Vg:g' and then gradually drops to zero for very high Vg:g-
when the barrier disappears. However, the total current density,

Jtot = Jrtu t ITen s (42)
keeps increasing quadratically with Vg-g- due to the thermionic
contribution. Furthermore, the formulations (36)-(38) connect
with each other continuously differentiable as displayed in Fig.
5(b) by their derivative, i.e. the transconductance g,,. Note that
ty, =ty was set here.
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Fig. 5. (a) Tunneling current density (36), (37) (solid lines) and ther-
mionic current density (38) (dashed line) along with the
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numerical evaluation of the tunneling current density expres-
sion (16) (crosses) and the thermionic current density expres-
sion (25) (circles), both including the temperature dependent
Fermi function. Also displayed are the analytical total current
density (dash-dotted line) and an ideal diffusion current den-
sity (dotted line) as reference, all at T = 4 K. (b) Transconduc-
tance of the tunneling, thermionic and total current density
from the analytical expressions (36)-(38) with the transcon-
ductance of an ideal diffusion current as reference (dotted
line); T=4 K.

While the analytical formulation (36)-(38) is still very accu-
rate at 4 K, increasing deviations from the exact solution of
(16) and (25) with a T dependent Fermi function are expected
towards higher temperatures. These deviations become visible
for T =50 K at lower bias and, for Jyy,, also at very high bias
as shown in Fig. 6. With increasing T, the spread of the Fermi
function leads to a larger portion of carriers with higher ener-
gies where the tunneling barrier is narrower. These additional
contributions are not captured by the analytical expression and
result in lower current density values at low injection. The
higher energetic carriers also lead to an increase in the thermi-
onic current, which displays the typical DD current slope at
low injection in contrast the analytical expression. However,
the shape of the bias dependence is still well captured for the
total current density over the entire bias range.
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Fig. 6. Tunneling current density (36), (37) (solid lines) and thermi-
onic current density (38) (dashed line) compared with their
exact numerical solutions of (16) (crosses) and (25) (circles),
all at T =50 K. Also displayed are the analytical total current
density (dash-dotted line) and an ideal diffusion current den-
sity (dotted line) as reference.

Finally, setting the transfer current of an HBT equal to Jy, at
high injection corresponds to ballistic transport through the
base. This may be the case for (future) very advanced transis-
tors [23] but for present production technologies the thermi-
onic current expression needs to be extended by carrier
scattering in order to be applicable at higher temperatures
(above ~70 K) when the drift-diffusion current dominates the
transfer current. In other words, in a compact model, one
would either attempt to use the already existing model formu-
lation for the DD transfer current, since it includes the various
physical effects occurring also in the collector, or have to

extend the thermionic current expression derived here by scat-
tering effects.

VII. APPLICATION TO EXPERIMENTAL DATA

Fig. 7 shows a comparison of the analytical model (36)-(38)
with experimental data from two different process generations.
In contrast to the comparison in the previous section, the model
parameters Jrys ary, AVE, Vpei(To) and kyg have to be
adjusted to the measured data since neither the barrier width
nor the actual barrier profile is known. As the results in Fig. 7
demonstrate, the analytical model allows a quite accurate
description of the measured tunneling and thermionic current
data over a wide bias and cryogenic temperature range.
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Fig. 7. Collector current density versus terminal BE voltage for dif-
ferent temperatures (Vgc = 0 V). Comparison between analyt-
ical model (36)-(38) (lines) with adapted parameters and
measured data (symbols) for two different process technolo-
gies from IHP: (a) SG13G2 [21] at T/K =4, 48, 63 and (b) a
DOTSEVEN process variant at T/K =10, 23, 48 (here, 4 K
data were not available). The dashed lines represent the ana-
lytical tunneling current only; the arrows indicate J¢ (fr, peak)-

The impact of the parameters is as follows. Jty,g shifts the
complete curves (consisting of both tunneling and thermionic
current contribution) up and down, while AVg shifts the com-
plete curves along the Vgg axis. With aty, and kg the bending
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of predominantly the tunneling current related curves (i.e. the
deviation from the purely exponential behavior) can be
adjusted. Furthermore, Vpg; determines the spread of the
curves for different temperatures. Setting k,,g > 0 was benefi-
cial only for obtaining the results in Fig. 7(a).

Notice that the parameters for the tunneling current can be
extracted independently of whatever suitable DD current for-
mulation is used as long as the DD current is negligible. This is
the case at sufficiently low temperatures and sufficiently low
bias, where the tunneling current completely dominates. At
“intermediate” temperatures, it is difficult to separate the two
transport mechanisms. Hence, the DD formulation related
parameters need to be extracted at higher temperatures, where
DD transport completely dominates. The parameter Vpgi(Tg) is
usually determined from junction capacitance measurement. If
necessary, Vpgi(To) may be defined separately for the tunnel-
ing current formulation to maximize its accuracy. However,
this decision depends on the selected compact model.

Device simulation suggests that, for the process technologies
investigated here, at temperatures above ~50 K the DD current
is not negligible anymore and would have to be included in the
comparison. Although the results in Fig. 7 imply that one can
use (36)-(38) directly in a compact model, in practice one
would have to superimpose the existing DD based formulation
in order to describe the collector current characteristics at
higher temperatures accurately where the tunneling current
becomes negligible. This means that the thermionic current
formulation would have to be replaced by the DD formulation
of the transfer current. Moreover, the variable vy, defined in
(31) would be replaced by a smooth function for avoiding
arithmetic overflow at Vg:g: > Vpg;. Finally, Vpgi(Tg) may be
determined from depletion capacitance measurements [8].

VIIl. SUMMARY AND CONCLUSIONS

A compact analytical physics-based formulation for the
direct tunneling current through the base region of bipolar tran-
sistors has been derived for modeling the transfer current and
thus the static collector current at cryogenic temperatures. The
new formulation contains the barrier height and width as
parameters and covers the entire relevant bias region, including
the thermionic current over the barrier at high forward bias.
The comparison with experimental data of advanced SiGe
HBTs from two process generations shows good agreement of
the new formulation over bias and temperature. The implemen-
tation in a compact model will require a smoothing function for
the bias dependent barrier height, which will enable a reduc-
tion of the derived tunneling current formulation to a single
equation of the form (24).
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